Abstract. We discuss the methods and results of a search for certain types of prime clusters. In particular, we report specific examples of prime 16-tuplets and Cunningham chains of length 14.
Introduction
We are mainly interested in finding large, maximally dense clusters of primes. Let k be an integer greater than one. Generalizing the notion of prime twins, we define a prime k-tuplet as a sequence of k consecutive primes such that in some sense the difference between the first and the last is as small as possible. More precisely, we first define s(k) to be the smallest number s for which there exist a set of k integers {b 1 = 0, b 2 , . . . , b k } such that b k = s and, for every prime q, not all the residues classes modulo q are represented by {0, b 2 , . . . , b k }. We can then define a prime k-tuplet as a sequence of consecutive primes {p 1 , . . . , p k }, such that p k − p 1 = s(k) and p i − p 1 = b i , i = 2, . . . , k. The definition excludes a finite number (for each k) of dense clusters at the beginning of the prime number sequence; for example, {97, 101, 103, 107, 109} satisfies the conditions of the definition of a prime 5-tuplet, but {3, 5, 7, 11, 13} does not because all three residues modulo 3 are represented.
The definition is motivated by the Prime k-tuple Conjecture, as stated by Dickson [1] and in a quantitative form by Hardy and Littlewood [2] . The function s(k) has the property that there cannot be more than a finite number of sets of k consecutive primes where the difference between the largest and the smallest prime is less than s(k). On the other hand, the Prime k-tuple Conjecture predicts that the prime k-tuplets we have defined above occur infinitely often for each k and each admissible set {b 1 , . . . , b k }.
The simplest case is s(2) = 2, corresponding to prime twins. Next, s(3) = 6, where there are two types of prime triplets: {p, p + 2, p + 6} and {p, p + 4, p + 6}. Then s(4) = 8 with just one pattern {p, p + 2, p + 6, p + 8} of prime quadruplets, s(5) = 12 with two patterns of prime quintuplets, {p, p + 4, p + 6, p + 10, p + 12} and {p, p + 2, p + 6, p + 8, p + 12}, s(6) = 16 with one pattern {p, p + 4, p + 6, p + 10, p + 12, p + 16}, and so on.
We are assuming that k is not too large. In general, however, proving that there exists at least one prime k-tuplet for each k seems to be a problem of extreme difficulty, and it has not yet been solved. Let ρ * (x) be the number of elements in the largest admissible set contained in the interval [1, x] . Hensley and Richards [3] have shown that ρ * (x) exceeds π(x) for all sufficiently large x. The Prime ktuple Conjecture would then imply the existence of infinitely many super-dense prime k-tuplets with more primes in the k-tuplet than there are in [0, s(k)]. This is inconsistent with a conjecture of Hardy and Littlewood, which states that for integers x, y > 2 we always have π(x + y) ≤ π(x) + π(y). Gordon and Rodemich [4] examined the behaviour of ρ * (x) and, in particular, they determined the crossover point at which ρ * (x) first exceeds π(x).
An algorithm for computing s(k)
For k ≥ 3, it is possible to compute s(k) recursively by means of the simple algorithm given below. The notation p# is that of Caldwell and Dubner [5] ; for p prime, p# is the product of all the primes up to and including p.
Procedure s(k):
Procedure S(s, q, H):
Step 1. Set U = q#, the product of all the primes ≤ q. Set D = U q and h = H.
Step 2. Set B = {i : i = 0, 2, . . . , s, gcd(h + i, U ) = 1}.
Step 3. If B does not contain both 0 and s, go to step 8.
Step 4. If B has less than k elements, go to step 8.
Step 5. If B has more than k elements, do S(s, q , h), where q is the next prime after q. Then go to step 8.
Step 6. If B has exactly k elements and if for each prime p, q < p ≤ k, all residues modulo p are represented by B, go to step 8.
Step 7. Indicate that B is an admissible set and report s(k) = s.
Step 8. Add D to h. If h < H + U, go to step 2. Otherwise return. Starting with s(2) = 2 and applying the procedure successively to k = 3, 4, . . . , 20, we obtain Table 1, which shows s(k) and admissible patterns. The largest known prime k-tuplets
At this point it is convenient to record the largest prime k-tuplet known to the author (at time of writing), for k = 2, 3, . . . , 16. I am not aware of any examples for k ≥ 17 other than the easily identifiable ones that occur near the beginning of the prime number sequence. In keeping with similar published lists, all the numbers listed below are true, proven primes. As before, p# denotes the product of the primes up to p. Primality proofs for the triplets (k = 3) can be established by the methods of Brillhart, Lehmer and Selfridge [10] . Writing
the primality of N + 1, N − 1 and N − 5 follow from the partial factorizations
and
The number 2 1189 + 1 has been completely factored into primes by the Cunningham project [11] .
The entries for k = 5, 6, . . . , 12 are unpublished results of Oliver Atkin, and I am very grateful for his permission to include them in this paper.
Guy [12, Section A9] lists a number of prime k-tuplets, including the only two large prime 14-tuplets known at that time, found by Dimitrios Betsis and Sten Säfholm. The entries for k = 13 and k = 14 in the above list are new. 
Here, 
Prime 16-tuplets
We now give a brief description of the search for prime 16-tuplets that led to the discovery of (1). Recalling that s(16) = 60, it is easy to determine that there are just two admissible patterns of primes: For our purpose it is natural to combine both (2) and (3) into a single form,
where B = {0, 2, 6, 12, 14, 20, 26, 30, 32, 36, 42, 44, 50, 54, 56, 60} is the set of displacements and where p is now allowed to take both positive and negative values. The Prime k-tuple Conjecture implies that each of (2) and (3) occurs with all 16 elements prime for infinitely many values of p.
Let q be a prime greater than 23, and let Q = q# = 2 × 3 × · · · × q. To find suitable candidates for the first element p of a prime 16-tuplet (4), we consider numbers of the form gQ + h, where h satisfies gcd( b∈B (h + b), Q) = 1 and g runs from −G to G for some fixed positive integer G.
It 
where (( By a straightforward application of the Chinese Remainder Theorem, h runs through the residues (mod Q) such that gcd(h + b, Q) = 1 for all b ∈ B.
From the programmer's point of view, what is so marvellous about this approach is that we can calculate each of the ϕ Then at the jth stage, j = r − 1, r − 2, . . . , 0, we compute
eventually to yield the final sum
in the central loop. Hence, assuming ϕ B (m 0 ) is not too small, the effort required to generate the next h is essentially just the addition of c 0 to h 1 . It is not necessary to reduce the sum modulo Q in the innermost loop if the parameter G is increased by one.
If the search is to be spread over several computers, this structure provides a convenient method of parcelling out ranges by distributing the workload on the basis of the high-order digits of
In our search for prime 16-tuplets, the divisors of Q are the composite integer 23# and the primes 29, 31, 37, . . . , q for some suitable q. By a straightforward computation, ϕ B (23#) = 160, ϕ B (29) = 14 and ϕ B (p) = p − 16 for prime p ≥ 31. We perform a sieving procedure to eliminate those g's, −G ≤ g ≤ G, where b∈B (gQ + h + b) is divisible by a prime p, q < p ≤ P for some fixed prime P , the sieve limit. For each p and for each b ∈ B, we compute
where Q −1 is the multiplicative inverse of Q modulo p. We exploit the 32-bit architecture of the computer by processing the h's in batches of 32 at a time. The sieve table is an array of 32-bit words, each bit position in the word corresponding to a specific h. Thus we have 512 g h,b 's, 16 for each h. We eliminate all g h,b + ip, where i runs from 0 to [2G/p], by flagging the appropriate bits in the sieve table. The survivors, numbers x = gQ + h such that gcd(x + b, P !) = 1 for all b ∈ B, can then go forward to be checked for probable primality by the usual type of test based on the Fermat-Euler theorem.
For large primes, it is quite appropriate to treat all the residues g h,b (mod p) as if they are different. However, for primes p ≤ L, with suitably chosen L, it is more efficient to consolidate the g h,b 's into residue classes modulo p; then the sieve requires only p bit-operations for each i, rather than 512. Although occasionally a residue class (mod p) is empty, it turns out that the penalty for testing this possibility is too severe. It is faster to operate on all p residue classes anyway. Whilst the cut-off parameter L can be determined accurately by experiment, we found that the value which suggests itself, namely 512, seems to be about right.
Let X denote the size of the largest numbers we wish to test. We must choose G and Q = q# such that GQ = X, at least approximately. There is a balance between G and Q. The time taken to perform the sieving operation is approximately a linear function of G, αG + β, say, where the constant term β represents the fixed overheads of setting up the sieve for a batch of h's. On the one hand, we do not want G to be too big, for then we could add an extra factor q to Q. This results in ϕ B (q ) times as many sieving operations. To keep the numbers limited by X, we need a corresponding reduction of G by a factor q , and if G is large, the sieve will consequently run nearly q times as fast. Hence there will be an overall performance improvement by a factor of somewhat less than q /ϕ B (q ). On the other hand, there is a limit to this process of trading between Q and G. Eventually G will be too small and the overheads term β of the linear function will become significant.
The actual parameters used by the computer program were G = 8000 and q = 53. Hence Q = 53# = 32589158477190044730 and the range of numbers searched was ±2.6 × 10 23 approximately. A sieve limit of P = 997 was more or less optimal.
Cunningham chains
A Cunningham chain of length k is a finite set of primes {p 1 , . . . , p k }, where either
The subject is discussed in Section A7 of Guy's book [12] , in which it is reported that Günter Löh [14] 
Note, added September 1998
During the time that has elapsed since the preparation of the initial version of this paper, the author and others have extended many of the results. In particular, the author has discovered prime 17-tuplets, Further details will appear in a forthcoming paper.
I would like to thank the referee for drawing my attention to the papers of Dickson [1] and Gordon and Rodemich [4] .
